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1. Introduction 

In 1955, Berger [1] gave the list of possible holonomy groups of non- 
symmetric Riemannian m-manifolds whose holonomy representation is irre- 
ducible. Such a list of groups was complemented with their corresponding 
holonomy representations, i.e., it was also specified the action of each group 
on the tangent space. Consequently, each group G C SO{m) in Berger's list 
gives rise to a geometric structure. Moreover, the groups G may be given 
as the stabilisers in SO{m) of certain differential forms on M™. For G = G2, 
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it is a thrcc-form on R''; for G = Spin{7), it is a four-form (/? on R®; for 
G = Sp{n)Sp{l), it is a four-form ^2 on R^"; for G = U{n), a Kahler form 
(jj on R^", etc. Such forms are a key ingredient in the definition of the cor- 
responding G-structure on a Riemannian m-manifold M. Furthermore, the 
intrinsic torsion of a G-structure, defined in next section, can be identified 
with the Levi-Civita covariant derivatives of the corresponding forms and is 
always contained in W = T*M (8) g-*-, being so{m) = g © 0"*". The action of 
G sphts W into irreducible components, say W = Wi © ... © Wk- Then, 
G-structures on M can be classified in at most 2*^ classes. 

This way of classifying G-structures was initiated by Gray and Hervclla in 
[8], where they considered the case G = U{n) (almost Hcrmitian structures), 
turning out >V = Wi © >V2 © W3 © W4, for n > 2, i.e., there are sixteen 
classes of almost Hermitian manifolds. Later, diverse authors have studied 
the situation for other G-structures: G2, Spin{7), Sp{n)Sp{l), etc. 

In the present paper we study the situation for G = SU{n). Thus, we con- 
sider Riemannian 2n- manifolds equipped with a Kahler form uu and a complex 
volume form ^ = ■^^ -|- z'^., called special almost Hermitian manifolds. The 
group SU{n) is the stabiliser in S0{2n) of u and ^. Therefore, the informa- 
tion about intrinsic torsion of an S[/(n)-structurc is contained in Vcj and V\&, 
where V denotes the Levi-Civita connection. For high dimensions, 2n > 8, 
we find 

T*M ® 0u(n)^ = Wi © W2 © Ws © W4 © W5, 

where the first four summands coincide with Gray and Hervella's ones and 
W5 ^ T*M. Besides the additional summand Ws, another interesting dif- 
ference may be pointed out: all the information about the torsion of the 
St/(n)-structure, n > 4, is contained in the exterior derivatives duj and dip+, 
or du and dip^. This happens similarly for another G-structures, dip is suf- 
ficient to classify a Spiii(7)-structure, dfl is sufficient to know the intrinsic 
Sp(n)Sp(l)-torsion, n > 2, etc. However, we recall that dcu is not enough to 
classify a C/(7i)-structure, we also need to search in the Nijenhuis tensor for 
the remaining information. Moreover, the importance of S(7(n)-structures 
from the point of view of geometry and theoretical physics makes valuable a 
detailed description of the involved tensors Vcu and V^f. Here we describe 
V^' which complements the study of Vo; done by Gray and Hervella. 

The paper is organised as follows. In Section 2, we start discussing basic 
results. Then we pay attention to the study of special almost hermitian 2n- 
manifolds of high dimensions, 2n > 8. However, some results involving the 
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cases n = 2, 3 are also given. For instance, for n > 2, we prove the invariance 
under conformal changes of metric of a certain one-form related with parts 
W4 and W5 of the intrinsic torsion. This is a generalization of a Chiossi and 
Salamon's result for S?7(3)-structures [3]. 

In Section 3, we study special almost Hermitian manifold of low dimen- 
sions. Such manifolds of six dimensions have been studied in [3]. Here we 
show some additional detailed information. When n = 1, 2, 3, the number of 
special peculiarities that occur is big enough to justify a separated exposi- 
tion. In particular, we prove that, for these manifolds, dcu, dip+ and dip^ are 
sufficient to know the intrinsic torsion. 

Finally, as examples of SJ7(2n)-structures, we consider almost hyperhcrmi- 
tian manifolds in Section 4. We show that the exterior derivatives dcui, duj 
and dcuK of the Kahler forms are enough to compute the covariant deriva- 
tives Vo;/, Vujj and Vujk- This implies Hitchin's result [9] that if uj, uij 
and ujk are closed, then they are covariant constant, i.e., the manifold is hy- 
perkahler. Furthermore, we prove that locally conformal hyperkahler mani- 
folds are equipped with three S[/(2n) -structures of type W4© W5, respectively 
associated with the almost complex structures /, J and K. As a consequence 
of this result, wc obtain an alternative proof of the Ricci flatness of the metric 
of hyperkahler manifolds. 

Acknowledgements. This work is supported by a grant from MEC (Spain), 
project MTM2004-2644. 

2. Special almost Hermitian manifolds 

An almost Hermitian manifold is a 2n-dimensional manifold M, n > 0, 
with a (7(n)-structure. This means that M is equipped with a Riemannian 
metric (•, •) and an orthogonal almost complex structure /. Each fibre T^M 
of the tangent bundle can be consider as complex vector space by defining 
ix — Ix. We will write T^Mc when we arc regarding T^M as such a space. 

We define a Hermitian scalar product (■, ■)c = (■, ■) + iuj{-, ■), where u is 
the Kahler form given by uj{x,y) = {x,Iy). The real tangent bundle TM 
is identified with the cotangent bundle T*M by the map x — > (•, x) = x. 
Analogously, the conjugate complex vector space T^M^ is identified with 
the dual complex space T^Mc by the map x — > (•, x)c — Xc- It follows 
immediately that xc = x + ilx. 

If we consider the spaces A^T^Mc of skew-symmetric complex forms, one 
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can check Xc A yc = {x + ilx) A {y + ily) . There are natural extensions of 
scalar products to A^T^M and A^T^Mc, respectively defined by 



where ei, . . . , e2n is an orthonormal basis for real vectors and ui, . . . ,Un is a 
unitary basis for complex vectors. 

The following conventions will be used in this paper. If 6 is a (0, s)-tensor, 
we write 

I{i)b{Xi, . . . , Xi, . . . , Xs) — —b{Xi, . . . , IXi, . . . , Xs), 

ib{Xi, ...,x,)^ {-iyb{ixi, ...,ix,), 

(2-1) (7(1) + ... + /(,))&, 

L(6)= ^ s>2. 

l<i<j<s 

A special almost Hermitian manifold is a 2?T,-dimensional manifold M with 
an S(7(n)-structure. This means that (M, (■,■),/) is an almost Hermitian 
manifold equipped with a complex volume form ^ = -0+ + such that 
= 1. Note that = 

If ei, . . . , e„ is a unitary basis for complex vectors such that \l'(ei, . . . , e„) = 
1, i.e., V+(ei, . . . , e„) = 1 and '0-(ei, . . . , e„) = 0, then ei, . . . , e„, lei, . . . , /e„ 
is an orthonormal basis for real vectors adapted to the S{7(n)-structurc. Fur- 
thermore, if A is a matrix relating two adapted basis of an S[/(n)-structure, 
then A e SU{n) C S0{2n). On the other hand, it is straightforward to check 

^ (_i)"(n+i)/2^, ei A . . . A e„ A 7ei A . . . A 7e„, 

where a;" = a; A ^'^.'l Atu. 

If we fix the form Vol such that (— Vol — u"' as real volume 
form, it follows next lemma. 

Lemma 2.1 Let M be a special almost Hermitian 2n-manifold, then 
(i) ip+ Acu ^ Alu = 0; 



2n 



(a, 6) = — J2 «(eii,--- 

P' h,...,ip=l 



(oc, ^'c 
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P' ii,...,ip=l 
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(ii) for n odd, we have ip+ Aip_ = -(-l)"-("-+i)/22"-i Vol and ip+ Aip+ ^ 
i:- Alp- = 0; 

(iii) for n even, we have ip+ Aip+ = ■0_ A ■0_ = (^_ijn(n+i)/22n-i y^i 

A = 0; 

(iv) for n > 2 and 1 < i < j < n, I(^i)I(^j)ip+ — —ip+ and I(^i)I(j^ip^ — — ■0-/ 
and 

(v) X A ip-^ ~ Ix A ip- — —{Ix^ip+) A Lo and xjip^ = Ixjip-, for all vector 
X, where j denotes the interior product. 

Proof - All parts follow by a straightforward way, taking the identities 

(2.2) V+ = -Re (eic A ... A e^c) , ^ Im (eic A ... A e„c) , 

n 

(2.3) LU = ^IeiAei, 

1=1 

into account, where ei, . . . , e„, lei, . . . , /Cn is an adapted basis to the SU{n)- 
structure. Note that parts (ii) and (iii) can be given together by the equation 

77,!^ A"^ = (-l)"^""^)/2 2''a;". □ 

We will also need to consider the contraction of a p-form 6 by a skew- 
symmetric contravariant two-vector x A y, i.e., {x A y)J){xi^ . . . ,Xp_2) = 
b{x,y,Xi, . . . ,Xp_2)- When n > 2, it is obvious that {Ix A y)-iip+ = —{x A 
y)-iip-. Furthermore, let us note that there are two Hodge star operators de- 
fined on M. Such operators, denoted by * and *c, are respectively associated 
with the volume forms Vol and 

Relative to the real Hodge star operator, we have the following results. 
Lemma 2.2 For any one- form /i we have 

* (*(// A ■0+) A ■0+) = * (*(a* ^ ■0-) A ■0-) = -2"~^//, 

* {*{fi A ip-) Atp+) = - * (*(/i A tp+) A tp-) = 2''-'^Iii. 

Proof- The identities follow by direct computation, taking equations (2.2) 
into account. □ 



6 



FRANCISCO MARTIN CABRERA 



Wc are dealing with G-structures where G is a subgroup of the hnear 
group GL(m, M) . If M possesses a G-structure, then there always exists a 
G-connection defined on M. Moreover, if (M"*, (■,•)) is an orientable m- 
dimensional Riemannian manifold and G is a closed and connected subgroup 
of SO{m), then there exists a unique metric G-connection V such that = 
Va; — Vx- takes its values in g-*-, where g-*- denotes the orthogonal complement 
in so(m) of the Lie algebra g of G and V denotes the Levi-Civita connection 
[13, 4]. The tensor ^ is the intrinsic torsion of the G-structure and V is called 
the minimal G-connection. 

For [/(n)-structures, the minimal [/(n) -connection is given by V = V-|-^, 
with 

(2.4) CxY^-h{VxI)Y. 

see [5]. Since U{n) stabilises the Kahler form cu, it follows that Vo; = 0. 
Moreover, the equation Cx{IY) + I{CxY) = implies Vc^; = -^c^ G T*M O 
u{n)-^. Thus, one can identify the U(n)-components of ^ with the U{n)- 
components of Vcu. 

For S (7 (n) -structures, wc have the decomposition so{2n) = su(n) + K -|- 
u(n)-^, i.e., su(n)-'- = K-|-u(n)^. Therefore, the intrinsic S(7(n)-torsion r)-\-^ is 
such that T) e T*M®R ^ T*M and ^ is still determined by equation 2.4. The 
tensors uo, and i/j- are stabilised by the SU{n)- action, and Vo; — 0, — 
and Vip- = 0, where V = V + ^^ + ^Cis the minimal S!7(n)-connection. Since 
V is metric and rj G T*M M, wc have {Y, r]xZ) = {Ir]){X)uj{Y, Z), where f] 
on the right side is a one-form. Hence 

(2.5) rixY = Iri(X)IY. 

Wc can check rjui = 0, then from Vuj = we obtain: 

(i) for n = 1, Vu; = -^u G T*M ^ u(l)^ = {0}; 

(ii) for n = 2, Vo; = -^cv G T*M ® u(2)^ = W2 + W4; 

(iii) for n > 3, Vcu = -^uj G T*M ® u(n)^ = Wi + + W3 + W4, 

where the summands Wi are the irreducible [7(n)-modules given by Gray 
and Hervella in [8] and + denotes direct sum. In general, these spaces Wj 
are also irreducible as SI7(n)-modules. The only exceptions are Wi and W2 
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when n = 3. In fact, for that case, we have the following decompositions into 
irreducible SI7(3)-components, 

Wi^W+ + Wr, i = l,2, 

where the space >V+ (W^) consists in those tensors aeWiQ T*M®K^T*M 
such that the bilinear form r(a), defined by 2r(a) = {xjil)j^, U-'o), is symmetric 
(skew-symmetric) . 

On the other hand, since V'0+ = and V^'- = 0, we have V'0+ = 
—rjip^ — ,^?/'+ and Vip- = —rjip- — ^■0-- Therefore, from equations (2.4) and 

(2.5) we obtain the following expressions 

-r)xil'+ = -nIr]{X)ijj_, -^xip+ = ^(ei^Vxc^;) A (ei^ip-), 

(2.6) 2 ^ 

-rjxip- = nIr){X)ip+, -^xip- = --(ejjVx"^) A (eij'0+), 

where the summation convention is used. 

It is obvious that -rjij+ e W5" = T*M (g) ip_ and -r}ip_ e W5+ = T*M O 
■0+. The tensors — ^'0+ and —^ip- are described in the following proposition, 
where we need to consider the two SL/(n)-maps 

5+,5_ : T*M®u{n)^ ^T*M®K^T*M 

respectively defined by V.a; — > 1/2 (cjjV.u;) A(ejj-?/'_) and V.u; — — 1/2 (ejjV.a;)A 
{eijip+)- Likewise, we also consider the S'f/(n)-spaces |A*''°] = {Re (6c) | 6c ^ 
APT*Mc} of real p-forms. Thus, IA°'°] = R, [A^'^] = T*M and, for p > 2, 
[AP'O] = {6 e APT*M I /(i)/(j)6 = -6, 1 < i < J < p}. We write IAP'°] in 
agreeing with notations used in [13, 5]. 

Proposition 2.3 For n > 3, the SU{n)-maps S_|_ and S_ are injective and 
S+ (t*M (g) u(n)^) = S_ (r*M (g) u(n)^) = T*M (g) |A"-2'°] A u;. 

For n = 2, the maps S+ and S_ are no^ injective, being 

ker E+ = T*M ® -0- , ter S_ = T*M 0+, 

S+ (t*M (g u(2)^) = S_ (t*M ® u(2)^) = T*M (g a;. 
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Proof - We consider n > 2. As the real metric (■, ■) is Hermitian with respect 
to /, we have /(Vxi^) = —Vxi-^ [8], for all vector X. But this is equivalent 
to 

n 

Vxu} = {aijRe{eic A ejc) + bijlm{eic A e^c)) e IA^'°], 

l<i<j<n 

where Ci, . . . , e„, lei, . . . , /e„ is an adapted basis. Taking (2.6) into account, 
it is straightforward to check 

n 

S+ (Vx<^) = - 5Z (*c i^ic A e^c)) A a;+ 

l<i<j<n 

n 

+ K^iTT' (*c (e^c A ejc)) A a; e |A^'°] A a;, 

l<i<j<n 
n 

H_ (Vx<^) = - X] (*c (cic A Cjc)) A ou- 

l<i<j<n 
n 

- Y (*c (Cic A e^c)) A a; e IA^'°] A a;. 

l<i<j<n 

From these equations Proposition follows. □ 

For sake of simphcity, for n > 2, we denote >V= = T*M ® |A"-2,oj ^ ^ 
Moreover, we will consider the map C : T*M <S) A"r*M T*M A"T*M 
defined by 

(2.7) C{b) = /(I) + . . . + /(„+!)) 6. 

Proposition 2.3 and above considerations give rise to the following theorem 
where we describe the properties satisfied by the SC7(n)-components of V'0+ 
and VV'-. 

Theorem 2.4 Let M be a special almost Hermitian 2n-manifold, n > 4, with 
Kdhler form cu and complex volume form ^ = ■0+ + ^V'- • Then 

VV'+ e Wf + Wf + Wf + Wf + W5-, 
VV'- e Wf + Wi + Wf + Wf + W5+, 

w;/iere Wf = 5+(Wi) = 5-(>Vi), W5+ = T*M ® and W5- = r*M ® 
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The modules >Vf are explicitly described by 

Wf = {ej (g) /ej A 6 A a; + (g) ej A Au;\be |A"~^'°]}, 
Wf ^{beW^l C{b) = (n - 2)6 and a{b) A a; = 0}, 
Wf + Wf = {beW~\ C{b) = (n - 2)6}, 
Wf = {beW-\ a(b) = 0}, 

yVf = {ci (g) {{x A ei)j?/'+) Acu |a; e TM} = {e^ O ((a; A ei)jV'_) Aa; |a; G TM}, 
Wf + Wf = {beW~\ C{b) = -{n - 2)6}, 

where a denotes the alternation map. 

Proof - Some parts of Theorem follow by computing the image S+ (Va;)j of 
the Wj-part of Va;, taking the properties for Wi given in [8] into account, 
and others, with Schur's Lemma [2] in mind, by computing 5+ (a), where 
^ a G Wi. □ 

If we consider the alternation maps a± : W" + Wg^ A.^^^T*M, we get 
the following consequences of Theorem 2.4. 

Corollary 2.5 For n > 4, the exterior derivatives of ip+ and ip^ are such 
that 

rf^- e T*M A |A"-2'°1 A a; = + W^ + ^4^5, 

w;/iere a±(>Vf) = Wf, a±(W|) = W2" and a±(Wf ) = ^^(Wg^) = W^^. 
Moreover, ker{a±) = Wf + A±, where T*M ^ ^± C Wf + , and the 
modules W" are described by 

WI = |A"-3'0] AujAuj, 

Wf = {6 e T*M A |A"-2,oj Auj\bAu; = Oand*bAij+ = 0} 

= {6 e T*M A lA"-2,oj Au\bAu; = Oand*bAip- = Q}, 
W|^5 = r*M A V'+ = T*M A = |A"-^'°] A a;. 
Note also that 

W^ + W2" = {6 e T*M A |A"-2'0] Auj\ * 6 A V'+ = 0} 
= {6 e T*M A |A"-2'0] A I * 6 A ^_ = 0}, 
>V| + W|_5 = {6 e r*M A lA"-2'0] Auj\bAuj = 0}. 
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In this point we already have all the ingredients to explicitly describe the 
one-form rj. This will complete the definition of the St/(n)-connection V. 

Theorem 2.6 For an SU{n)- structure, n > 2, the W^-part rj of the torsion 
can be identified with —rjip+ — —nir} (g) or —rjip^ — nlrj (g) where r) is 
a one-form such that 



Furthermore, if n > 3, then *dip+ f\ ip+ = *dip- A ip- and *dip+ A ij:- 
— — * dip- A 

Proof.- Wc prove the result for n > 4 and we will see the cases n = 2,3 in 
next section. The VV4-part of Vc<j is given by 2(n — 1) (Vuj)^ = (8) A d*u} + 
Ci ® Ici A Id*u! [8]. Then, by computing S+ (Va;)4, we get 



* (*#+ A -0+ + A -0-) = n2"-^?7 + 2"-27d*a;, 



or 



* {*dij+ Aij_- *dij^ A = uT-^It] - 2"-^d*u. 



(2.8) 



(V^+)4 



1 



Ci ® {{d*u! A ei)j'0+) A CO. 




Now, since {'Vtp+)^ 



nlrj (S) , we have 




-Id*ijj + nr] ) A'^^. 



Hence, the Wf ^-part of dip^ is given by 



(2.9) 




Finally, taking Lemma 2.2 into account, it follows 



* (*dV+ A -0+) = * ((#+)4,5 A = n2"-2^ + 2"-=^7d*a;, 

* (*#+ A ^_) = * ((rf^+)4_5 A = uT'-'^Iri - 2"-3d*a;. 



The identities for dip- can be proved in a similar way. 



□ 
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Remark 2.7 (i) It is known that Id*uj = *{*duj A 00) = — {■ ^du , u) . There- 
fore, Theorem 2.6 says that, for n > 3, ?] can be computed from duj and 
dip+ ( or dip-). For n = 2, we will need dcu, dil^+ and dip- to determine 
the one-form r). 

(ii) From equation (2.9), it follows that A+ Q ker{d+) is given by 

A+ = |~ 2(y^^_ ^^ (^i®iixAei)^ilj+)Auj-^x®ilj-\xe Tm| . 

Analogously, for A- Q ker{d-), we have 

^- = I ®{{xA ei)^ip-) Auj + l-x®ip+\x e TM I . 
I 2(n-l) 2 J 



Since rfcj G Wi + W3 + W4 and dip^, dip^ G Wf + + W^^, all the infor- 
mation about the intrinsic torsion of an S[/(n)-structure, n > 4, is contained 
in du! and dip+ (or dip-). We recall that, for a t/(n)-structure, n > 2, we 
need the Nijenhuis tensor and dcu to have the complete information about the 
intrinsic torsion. Equation (2.8) and Theorem 2.6 give us the components W4 
and W5 of V'0-i- in terms of duj and dip^. For sake of completeness, we will 
compute the remaining parts of in terms of du and dipj^. To achieve 

this, let us study the behavior of the coderivatives d*ip+, d*ip- and the forms 
d* '0+ and dljip- respectively defined by the contraction of Vipj^ and Vip- by 
uj, i.e., 

d>+(>^i, ■ ■ ■ , >;-i) = ^cMlei, 1^1, ... , Fn-l) 

and an analog expression gives d^^ip-. 

Note that d*ip^ — — * d * ip.^. and d*i{j- = — * d * ip-. By Lemma 2.1, 
when n is odd (even), ^ip^ = — (— l)"("+i)/2-?^_ and *ip^ = (— 1)"(""'"^)/^-?/'+ 
(*^+ = (_i)"("+i)/2^^ and = (-l)'^("+i)/2^_). Therefore, by Corollary 
2.5, it is immediate that 

d*iP+, d*iP- e * (t*M a |A"-''°] a o;) = + W| + W4%, 

where the modules are described in the following lemma. 
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Lemma 2.8 Forn > 4, = * (T*M A |A"~2'°] A oo) and L the map defined 
by (2.1), the modules Wi, >V| and W|^5 are defined by: 

yV^^iaeWlaAcuAcu^O and a A V'+ = 0}, 

W[ + W^' = {a e IV^ I - 2L(a) = (n - 2)(n - 5)a} = {a e | a A ^/;+ = 0}, 
^4^,5 = [A"-i'°] = {x^ij+ I a; G TM}, 
>V| + >V|_5 = {a e I a A a; A a; = 0}. 

Proof - It follows by applying * to the Wf modules of Corollary 2.5. 

For the description of Wf + VV| involving the map L. Taking Proposition 
2.3 into account, we consider VV^+ = x b A lj e T*M ® IA""^'°] A u. Now, 
making use of Theorem 2.4, we obtain the + Wf-part of Vip+, 

(.10) ,v..). = 

= - (x 0b Au + Ix ® I(^i)b Aui) . 

Then, we compute {d*i\}j^\^2 — o?*(V'0+)i,2 and check —2L{d*ip-^.)i^2 — 
(n-2)(n-5)(rf*^+)i,2. ' ' ' □ 

In the following result, and ( {d*il)^)i and {d*^il)^)i ) re- 

spectively denote the images by the maps d* and of the Wj-component of 
^^-0+ {Vil}-). This notation for the Wj-part of a tensor will be used in the 
following. 

Lemma 2.9 Forn > 3 and the map ij given by (2.1), the forms d*ip+, d*ip-, 
dl,ip+ and dl,ip+ satisfy: 

{d*fp+)i,2 = - {d*ujip-)i,2 > {d*uj1p+)l,2 = {d*ip-)i,2 > 

(d*'0+)5 = - (^^;^V'-)5 = (c^;!,V'+)5 = - (d*ilj-)^ = nr^jV-, 

(c^*V'±)l,2 = - 3) (C?:^±)i,2 , ^/ (C^±)l,2 = -(^ - 3) (C?*^±)l,2 , 

h (c^*^±)4 = -(^ - 1) (c?c^^±)4 ' {dl^l)^)^ = {n-l) ((i*^/^±)4 . 



SPECIAL ALMOST HERMITIAN GEOMETRY 



13 



Proof - Here we only consider n > A, the proof for n = 3 will be shown in next 
section. The identities of fourth and fifth lines follow by similar arguments 
to those contained in the proof of Lemma 2.8. The identities of the third line 
follow by a straightforward way. 

Making use of the maps 5+, H_ and equations (2.6), we note 

(2.11) (V.Z^_)i,2 = (V/.V'+)l,2 , (V.V'-)3,4 = - (V7.V'+)3,4 " 

Hence, applying the maps d* and to both sides of these equalities, the 
identities of first and second lines in Lemma follow. □ 

We know how to compute {'Vip+)4 and {'Vip+)5 (equation (2.8) and The- 
orem 2.6) . Now, we will show expressions for the remaining S?7(n)-parts of 
V'0+ in terms of dcu and dip+. 

Proposition 2.10 Let M be a special almost Hermitian 2n-manifold, n > A. 
Then 

(i) (V.-?/'+)^ = Ci ICi A b A uj + Ci ® Ci A A tu, (c?'?/'+)i = -26 A a; A 
cu, {d*ip^)-^ — 27(1)6 A cu and (d*'0+)j^ = —26 A cu, where 6 is given 

by b ^ Im (*c ((Va;)i + (Vu;) J), 12(-1)"6 = 7 * (#+ A u), 

12(-l)"7(i)6 = / * {d*^+ AujAuj), or 12(-l)"-i6 = 7 * (d* V+ Au Au); 

(ii) (V.V'+)2 = ei(g)eij((i*^/'+)i,2Aa; + ei(g)7eij((i*^+)i,2Au;-8(V^+)i, where 
4(n - 2)(a)i,2 = (n - l)(n - 2)a + 2L{a), for a = d*^+, dl'^+; 

(iii) 2(V.^+)3 = S+ (^(1 - 7(2)7(3))((icj)3), where {duj)s = {duj)3^4 - {dio)4 
with 4((iw)3^4 = 3duj + L{duj) and (n — \){duj)^ = —Id*uj A uj. 

Proof - By Theorem 2.4, ( V. '?/'+) ^ =64® 7ej A 6 A + Cg) Cj A 7(i)6 A uj, where 
6 e |A'*~^'°]. Therefore, ((i'^+)i = —26 Aui Auj. On the other hand, it is not 
hard to check 

(2.12) *(cAu;Au;Aa;) = 6(-l)"-^7c, 

for all c e [A""^'°]. Therefore, taking this last identity into account, we have 

* {dil:+ Auj) = * {{dip+)i Auj) = 12(-l)''-^76. 
Now, let us assume Vo; — c E |A^'°] = Wi. Then, computing S+(c), we have 
5+(c) = Cj ® 7ej A 7m (*c (c + ^-^(i)c) j Aa; — Cj A 7?e (*c (c + i7(i)cj j A a;. 
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Hence the first identity for b follows. The remaining identities of (i) involving 
d*ip+ and d^^ip-^- follow by a straightforward way from (Vip+)i, taking equation 

(2.12) into account. 

For part (ii). If ^x^bAuje T*M ® |A"-2'°], by equation (2.10), 
we have 2(VV'+)i,2 = (x ®b Au + Ix A u?j . Therefore, making use of 
part (i), it follows 

6(V'0+)i = 64® Ici A (a;j/(i)6) A 0; + ® A /(i) (a;j/(i)6) A cu. 

Moreover, 

(2.13) 2(rf>+)i,2 = IxAb-xAl(i)b-2{x^b)Au, 

(2.14) 2(d>+)i,2 = xAb + IxAl^i)b-2{x^b)Au}. 

Prom these equations, it is not hard to check 

e, e,j(d>+)i,2 Au + d^ Jeij(rf*V+)i,2 Aiu = 2(VV^+)i,2 + 6(VV^+)i. 

Hence the first identity of (ii) follows. Furthermore, by Lemma 2.8, we have 
the equalities 

-2L(d>+)i,2 = (n-2)(n-5)(d*V'+)i,2, -2L(d>+)4,5 = (n-l)(n-2)(d>+)4,5. 
Therefore, 

4(n-2)(d*V'+)i,2 = {n-l){n-2)d*iP+ + 2L{d*iP+), 
4(n-2)(d*'0+)4,5 = -(n-2)(n-5)d*'0+ -2L(d*'0+)- 

The required expression for ((i*'i/;_|_)i_2 can be deduced in a similar way. 

Finally, part (iii) follows from identities for Va; given in [6] and [8]. □ 

Remark 2.11 (i) From the identities given in Lemma 2.9, the forms fi*i^'+ 
and dl^ip^ can be computed in terms of dipj^ {dip-). Thus Proposition 
2.10 corroborates our claiming that, for n > 4, dcu and dip+ {dip-) are 
enough to know the intrinsic St/(n)-torsion. 

(ii) Taking equations (2.11) into account, it is not hard to deduce the re- 
spective S{7(n)-components, n > 4, of Vip- from those of Vip+. 
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Relative with conformal changes of metric, we point out the following facts 
which are generalizations of results for Si7(3)-structures proved by Chiossi 
and Salamon [3]. 

Proposition 2.12 For conformal changes of metric given by (•, •)o = e^'^(-, 
the W4 and W5 parts of the intrinsic SU{n) -torsion, n > 2, are modified in 
the way 

Id*cUo = Id*uj — 2(n — l)df, Vo — V dfj 

n 

where Uo and rjo are respectively the Kdhler form and the one-form of the 
metric {■, ■)o- Moreover, the one-form 2n{n — 1)77 — Id*Lij is not altered by 
such changes of metric. 

Proof - On one hand, the equation for Id*Uo was deduced in [8] . On the other 
hand, from 'tp^o = e^^ip^ and ip-o = e^^ip-, we have dip+o — ne^^ df A ^+ + 
e"-^dV+ a-iid dil)_o — ne^^df A ■0- + e'^^dt/j^. Moreover, if is the Hodge star 
operator for (■, ■)o and a is a p-form, then *oQ; = ^^{"^-p)} * q/. Taking this last 
identity into account, we deduce 

*o {*odi^+o A V'+o) + *o {*odip-o A V'-o) = * {*dip+ A + * {*dip- A 

The required identity for r]o follows from this last identity and Theorem 2.6. 
Finally, it is obvious that 2n{n — l)r]o — Id*u!o = 2n{n — l)r] — Id* to. □ 

Remark 2.13 By Proposition 2.12, for n = 3, the one-form 12?] — Id*uo is not 
altered by conformal changes of metric. In [3] , Chiossi and Salamon consider 
six-dimensional manifolds with SC7(3)-structure and prove that the tensor 
3tw4 + 2T>Vg is not modified under conformal changes of metric, where Ty\;^ 
and Twg are one- forms such that, in the terminology here used, are given by 
2t>v4 = —Id*u and 2tw5 = r]+Id*uj. Note that 3tw4+2tw5 = | (127^ - Id*u}) . 



3. Low dimensions 



In this section we consider special almost Hermitian manifolds of dimension 
two, four and six. 
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3.1 Six dimensions 

Here we focus our attention on the very special case of six-dimensional man- 
ifolds with SU'(3)-structure (sec [3]). In this case, we have 

(3.1) Vu e T*M ® u(3)^ = Wt + Wf + W2+ + + m + W4. 

If we denote [T*Mc ®c A^T*Mc] = {Re (6c) | be G T*Mc 0c A^T*Mc}, some 
summands in (3.1) are described by 

Wt = Wf = Rip-, 

+ = {be [T*Mc ®c A^T*Mc] | -jb) is symmetric} , 

yVi + = {be [T*Mc (8)c A^r*Mc] I - jfe) is skew-symmetric} . 

By Proposition 2.3, the S[/(3)-maps S+ and S_ are injective and 

S+ (t*M ® u(3)^) = S_ (t*M ® u(3)^) = T*M ® T*M A 00. 

In the following theorem we describe properties of the St/(3)-components of 
VV'+ and VV'-- 

Theorem 3.1 Let M be a special almost Hermitian 6-manifold with Kdhler 
form uj and complex volume form ^ = Vh- + ^'0- • Then 

VV'+ e Wf'" + Wf''' + Wf'' + + Wf + Wf + W5-, 

Vip- e Wf'" + Wf'^ + Ws"'" + Ws^''' + Wf + Wf + W5+, 

where Wf" = S+(>V+) = H_(>V-), Wf' = S+(W-) = H_(W+), ^ = 1,2; 

= = S_(>Vj), J = 3,4; W5+ = T*M®V'+ and = T*M®^_. 

IfW^ = T*M (8) T*M Au, C is the map defined by (2.7) and a denotes the 
alternation map, the modules Wp", Wp and Wf are described by 

yyp" = Rcj (g) A cj, Wf = RCi (g) ICi A to, 

Wf''^ = {be W~\ {b{e,, e,:, ■),uj) = 0, 6(e„ /e„ -, ■) = and C{b) =b}, 
Wf''' ^{be W-\ {b{ei, lei, ■, •), ^) = 0, b{ei, e^, •, •) = and £{b) = b}, 
Wf + Wf + ^2^'" + Wa^-'' ^{beW^l ^{b) = ^'}, 
yVgS ^{beW^\ C{b) = -6 anc/ 5(6) = 0}, 

Wf = {ei ® {{x A ei)j^/'+) Auj\xe TM] = {e^ ® {{x A 6^)^^-) A a;|a; e TM], 
Wf + >V| = {beW-\ C{b) = -b}. 
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Proof - We can proceed in a similar way as in the proof of Theorem 2.4. □ 

If we consider the alternation maps a± : T*M(S)T*MAu}+yV^ AT*M, 
we get the following consequences of Theorem 3.1. 

Corollary 3.2 For SU {3) -structures, the exterior derivatives of ip+ and ip^ 
are such that 

dij+, dij_ e A^T*M = + + W^s, 

where a±{Wf'^) = Wf, a±{wf'^) = and a±(Wf ) = a±{W^) = W^^. 
Moreover, Ker{a±) = Wr''+Wf'^+Wf+A±, whereT*M ^ ^± C Wf+W^, 
and the modules are described by 

W2" = su(3) Acu^ibe A.^T*M {bAu^O and *6A'0+ = O} 
= {6 e A^T*M \bAu^O and * 6 A -0- = }, 

W|^5 = T*M A V+ = T*M A -0- = [A^'l A u 

= {x^ip+ Auj\x e TM] = {xjip- Auj\x e TM}. 

Moreover, we also have 
+ = {6 e A^T*M I * 6 A V+ = 0} = {6 e A^T*M \ * 6 A V- = 0}, 
W2" + "^4,5 = ^ A^T*M I 6 A u; = 0}. 

In this point, one can proceed as in the proof, for high dimensions, of 
Theorem 2.6 and obtain the results of such Theorem for n — 3. Along such 
a proof we would get 

(3.2) (VV'+)4 = E+{Wuj)^^ -^ei®{{d*uj Aei)^ij+) Aou, 

(3.3) (#+)4^5 = -(3rj + hd*u?jAi,+. 
Likewise, in a similar way, we would also obtain 

(3.4) (V^_)4 = S_ (Vcu)4 = ~e,0{{d*uAei)^i}-)Auj, 

(3.5) (#_)4_5 = -(3r/+^/rf*u;) AV-. 
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Remark 3.3 (i) From equation (3.3), it follows that C kei{a^) is given 
by 

A+ = (g) {{x A ei)^ip+) Auj - -X ®ip_\x e Tm| . 

Analogously, from equation (3.3), for A- C i:er(a_), we have 

A- = {-^e* <^ ((^^ /\ ei)j^-) Au; + ^x<^ip+\x e TAfj . 

(ii) Theorem 2.6 says that r/ can be computed from dou and dt/j^ {dijj^). 
Moreover, since dcu e Wt + Wf + W3 + W4 and 

#+ e Wf + W2" + = 5+ o S+ (Wf + + W4) + 5+ (Wg-) , 

we need du, dip^ and dijj^ to have the whole information about the 
intrinsic St/(3)-torsion. 

The W4 and W5 parts of VV'+ are given by equation (3.2) and Theorem 
2.6. As in the previous section, for sake of completeness, we will see how to 
compute the remaining parts of by using du, dip^ and dip-. For such 

a purpose, we study properties of the coderivatives d*ip+, d*ip_ and the two- 
forms dljipj^ and dl^ip^. Note that, by Lemma 2.1, we have d*'4>+ = ^d'4>- and 
= — * Therefore, 

c^>_, e A'T*M = >V[ + W| + >V4^,5, 

where Wf = * (Wf), W| = * {W^) and Wig = * (W^^g). 

Lemma 3.4 For SU {2)) -structures, the modules W^, an(i W45 are defined 
by: 

= Ka;, W| = {6 e A^TW | & A u; A a; = anc? 6 A -0+ = 0}, 
+ = {6 e A2r*M I 76 = 6} = {& e A.'^T*M 1 6 A V+ = 0}, 

>V|_5 = |a2.0] = {x^ij+ I a; G TM}, 

>V| + >V|_5 = {6 e A'^T*M I 6 Aa; Ao; = 0}. 
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Proof.- It follows by similar arguments as in the proof of Lemma 2.8. □ 
Now one can prove the identities given in Lemma 2.9 for n = 3. Such 
a proof can be constructed in a similar way that the one for n > 4, taking 
analog results for S[/(3)-structures into account. Such identities will be used 
in the following proposition, where we compute some iS[/(3)-parts of V'0+- 

Proposition 3.5 Let M be a special almost Hermitian 6-manifold. Then 

(i) (V.'0+)i.a = — tWi"ei (8) Cj Aw, {dip-)i — uj Au and {d*ip+)i = Awicu, 
where wf is given by 12wi — *{dip- Acu) — {*dip-,u!) or (Vo;)]^.^ = 

(ii) (V.'0+)i.b — w^ei®IeiAuj, — —'^WiUjAuj and {d*4'-)i = 4:WiU!, 
where Wi is given by —12wi — *{d'ip+ Acu) — {*dip+,u!) or (Va;)^._ = 

(iii) 4 (V.'0+)i^2;o ^ -{*d'ijj^,u;) Ci Ci A u + (/(2) - /(i)) * dijj^, where 
Lu, : T*M®T*M T*M ® T*M A uj defined by i^{a ®b)^a®bAuj; 

(iv) -4 (V.-(/'+)^ 2;6 = {*dil)+,uj) Ci ® ICi A UJ + {l + /(i)/(2)) * di})+ and 
-2 ((i'^+)^^2 = -{*dil)+,uj) oj Aoj + oj A (l + -^(i)-^(2)) * dipj^ ; 

(v) 2(V.V'+)3 = S+ ((1 - ^(2)^(3) )(c?^^)3); whcrc {duj)^ = (du;)s^4- (du;)4 
with 4{dLj)3^4 = 3duj + L{duj) and 2{duj)i — —Id*uj A uj. 

Proof.- For part (i). If (Va;)i;+ = G M, by Theorem 3.1, we obtain 

(V^+)i;a = E:+(Vcj)i.+ = -wtci ® e, Auj and {Vip-)i.b = S_(Vcj)i.+ = 
—wfci ® ICi A UJ. Therefore, {dtp^)^ = 2wiUJ A uj. On the other hand, since 
UJ Auj Auj — ^Vol, we have * Auj) = * {{diljJ)^ Auj) — 12wi — {*dip-,uj). 

For part (ii). By an analog way, since (Va;)^._ = tyf e K, we have 

(V.'0+)i.;, = S+ (Va;)-^._ = WiCi le^ A uj. Therefore, (dip^)^ = — 2wf a; A uu. 
Hence we have * {dip^ Auj) = * {{dip^)^ Au) = — 12w7f = {*dip^,uj). 

For part (iii). If = x ® y Auj, by Theorem 3.1, we have 

4(V'0+)i,2;a — x®yAuj + y®xAuj-\-Ix®IyAuj-\-Iy®IxAuj. 

Therefore, 2((i*-?/'+)i^2 = —2{x,y)uj+IxAy~xAly. Since {d*ilj+,uj) = 12wi = 
-2{x,y) and 2I^i){d*i/j+)i^2 = 2{x,y) {■,■) -{x®y + y®x + Ix®Iy + Iy®Ix), 
we have 

2t^/(i)((i*?/'+)i,2 + {d*ij+,uj)ei ®eiAuj = -4(W+)i,2;a- 
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On the other hand, since I{d*ip+)i^2 = — (c?*V^+)i,2 and I{d*ip+)4^5 — 
— {d*ip+)4^5, it follows 2{d*ip-^)i^2 = d*ip-^- + Id*ip+. Thus, 

Lu>{I{i) - I(2))d*ip+ + {d*ip+,uj)ei (g) ej A a; = -4(VV'+)i,2;a- 

Finally, taking d*ip^ = *dip_ into account, the required identity in (iii) fol- 
lows. 

For part (iv). We proceed in a similar way as in the proof for (iii), but 
now we consider 

4(V'0+)i,2;6 — x®y/\uj — y®x/\uj-\-Ix®Iyf\ijj — Iy®Ixf\u} 

and we compute ((i*-?/'_|_)i^2- Thus we have 2 (ci* ■?/'+) 1^2 = —'2.uj{x^y)uj + xf\y + 
Ix A ly. Since = {d*%lj_)i = 4-u;fa; = — |a;(a;, y)a;, we obtain 

2i^(d>+)i,2 + {dl,7jj+,uj)ei ^leiAu^ 4(VV'+)i,2;6. 

Finally, taking 2 (d* ■?/'+) 1,2 = '^■{d*ip-)i^2 = d*ip- + Id*ip- and d*ip- = -*dip+ 
into account, it follows the first required identity in (iv). By alternating 
both sides of such an identity, the second required equation follows. Part (v) 
follows as in the proof of Proposition 2.10 for (V'0+)3- D 

Remark 3.6 From the maps S+, S_ and identities (2.6), it is not hard to 
prove 

(V.^-)l,2;a = (V7.^+)i,2;(. , (V.V'-)i,2;6 = ' (V/.^+)i,2;a , 

(V.^-)3,4 = -(V/.^+)3,4- 

Thus, taking these identities into account, one can deduce the respective 
S[/(3)-components of V^'- from those of VV'+- 

The following results are relative to nearly Kahler six-manifolds. 

Theorem 3.7 Let M he a special almost Hermitian connected six-manifold 
of type >Vi'-|->Vj~-|->V5 which is not of type such that Vuj = wfip^+Wiip^, 
then 

(i) Va; is nowhere zero, a = (wf)'^ + (wf )^ is a positive constant and 
dwf = —Wilf], dwi = wflrj; 
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(ii) the one-form If] is closed and given by 3alr] = w^dwi — Widwf; 

(iii) M is of type Wi + if and only if Wi and Wi are constant. 

(iv) IfM is of type Wt + W5, then M is of type Wt or of type W^. 

(v) If M is of type + W5, then M is of type or of type W5. 
Proof - Since M is of dimension six, it is straightforward to check 

(3.6) A ■?/'+ = (xjV-) Alp- = X Aid a uj = -2* Ix, 

(3.7) {x^ilj+) A ^_ = -{Xjilj_) Ai/j^ = Ix Aoo Au = 2*x, 

for all vector x. 

Since M is of type Wt + Wi + W5, we have 

(3.8) dcu — 3wiip+ + Sw^ip-, 

(3.9) dip+ = -2wi CO A CO - Sir] Alp-, 

(3.10) di/j- = 2wtu; Au; + 3Ir]A'ilj+. 

Now, differentiating equations (3.9) and (3.10) and using equation (3.8), we 
have 

(3.11) = 2{dw^ -Swtir]) Au Au + 3dlri Alp-, 

(3.12) = 2{dwt + 6w^Ir]) Auj Auj + 3dlr] AiIj+. 

But dlr) e A'^T*M = Ma; + su(3) + u(3)^ and dlr]^^3)± = xji/j^. Therefore, 

dir] Aip+ = {x^ip+) A dlr] Aip_ = {x^ip+) A 

Taking these identities into account and making use of equations (3.6) and 
(3.7), from equations (3.11) and (3.12) it follows 

3 

(3.13) -X — Idwi + Swfr] — —dwi — w^Irj. 

On the other hand, differentiating equation (3.8), making use of equations 
(3.9) and (3.10), and taking x Aip^ — Ix Aip- into account, we obtain 

= [dwX + Sw^Ir] — Idwi — Swfrj) A 
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Therefore, taking equation (3.13) into account, we get Idwi +3wfri = dwf + 
Swilrj = 0. Thus, dw^ = Swilrj and dwi = —Swilrj. Moreover, da — 
2{widwi +Widwi) — 0. Since M is connected, if a 7^ in some point, then 
a ^ everywhere. Now, it is immediate to check Salrj = wfdwi — Widw^ 
and Sadlr] = 2dwi A dwi — 0. Thus, parts (i) and (ii) of Theorem are 
already proved. 

Parts (iii), (iv) and (v) are immediate consequences of parts (i) and (ii). 

□ 

Remark 3.8 In [7], Gray proved that if M is a connected nearly Kahler six- 
manifold (type Wi) which is not Kahler, then M is an Einstein manifold such 
that Ric = 5a{-,-), where Ric denotes the Ricci curvature. In [12], showing 
an alternative proof of such Gray's result, we make use of Theorem 3.7. 



3.2 Four dimensions 

Now, let us pay lead our attention to manifolds with S[/(2)-structure. 

Theorem 3.9 Let M be a special almost Hermitian four-manifold with Kahler 
form Lo and complex volume form ^ = ■0+ + ^V'- • Then 

VV'+ e T*M (g) a; + T*M ® -0-, V^'- e T*M 0u; + T*M ® -0+, 

and S±(>V2) = H±(>V4) = T*M O uj. In this case, the space W = W2 + W4 
of covariant derivatives of cu also admits the relevant SU (2) -decomposition 
W = T*M -0+ + T*M ® -0-; being kerE+ = T*M ® '0_ and kerE^ = 

r*M(g)'0+. 

If we consider the one-forms ^+ and ^_ defined by Vo; = ^_(_®^/'_)_ + ^_®^_, 
i.e., ^+ = (V.a;,'0+) and ^_ = (V.a;,'0-)- The two decompositions of ^ are 
related as follows: 

(i) ^ e >V2 if and only if ^+ = 

(ii) ^ e W4 if and only if ^+ = -7^_. 

Moreover, we have the following consequences of last Theorem. 
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Corollary 3.10 For SU (2) -structures, the exterior derivatives ofip+, and 
uj are such that 

dip+ ^ -C+ Auj -2r] Aij+ = iC+^iJ- - 2rj) A ip+, 

dip_ = Auj -2r] Atp_ = -{i-^ip+ + 2r]) A ip^, 

du = (e+ - A V'+ = (e+^V'- - A u. 

Hence the one- forms ^_ and rj satisfy 

—^+^1/^- + 2r] = * {*d'ijj+ A ip^) , ^ + 2r] = * {^dip- A ijj-) , 

^ \ip+ — ^+-iip- = * {*duj A uj) . 

Therefore, by Lemma 2.2, we have 

Arj — * {*dtlj+ A ■0+) + * {*dtlj-- A ■0-) — * {*du; A lo) , 

2^ ^■0+ — * {*d'4>- A V'-) — * {*d'4>+ A ■0+) + * {*dijj A to) , 

2^+j-(/'_ = * (*d'ip_ A ip^) — * {*dip^ A ■0+) — * {*duj A u) . 

Thus we can conclude that all the information about an S[/(2)-structure is 
contained in dcu, dip^ and dip_ . Moreover, from these identities, the equalities 
for n = 2 contained in Theorem 2.6 follow. 

By Proposition 2.12, for conformal changes of metric given by (■, ■)o = 
e^-^(-, •), we have Id*u;o — Id*uj — Adf and r]o = V ~ ^/'^df. The one-forms 

and ^_ arc modified in the way = C+ ~ dfjip-, = ■C- + dfjip-^-, 
where E,+o and are the respective one-forms corresponding to the metric 
(■, ■)o- In fact, such identities can be deduced taking the expression 2VoCo'o = 
e^f {2Va; — ej (8) ej A Idf — ei® le^ A df} into account, where Vo is the Levi- 
Civita connection of (•, •)o. 

3.1 Two dimensions 

Finally, let us consider special almost Hermitian two-manifolds. For these 
manifolds we have Vo; = 0. Therefore, 

V-0+ = -Irj (g) = -r]+i)_ ® + ?7--0+ ®ip- G K + M, 

where rj = r]^ip^ +rj_ip_. Furthermore, dip^ = —rj^uj G Rcu and dip^ — rj+cu G 
Mo;. Consequently, 77+ = — * dip_ and = *dip+. 
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With respect to the curvature, if K denotes the sectional curvature, it can 
be checked 

V'-) = dlr]{'^+, V'-) = dr]+{'^+) + d77_(V'-) - ?7+ - 

For conformal changes of metric given by (■, ■)o = e^-^ (■,■), the intrinsic 
S[/(l)-torsion is modified in the way 6-^77+0 = 77+ — df{ip+) and e^rj^o — 
77_ - i.e., r]o^r]-df. 

Remark 3.11 Let us consider an special almost Hermitian 2n-manifold, n > 2, 
which is Kahler (type W5). In such manifolds we have 

o?'0+ = —nr] Aip+ — —nir] A dip- — —nr) Aip- — nir} A 

By differentiating these identities, it follows d?] A ip^ = dr] A ip^ — and 
dlrj A ■0+ = dirj A ■0- = 0. Therefore, drj, dirj e 5u(n) + Rlo. 



4. Almost hyperhermitian geometry 

A 4n-dimensional manifold M is said to be almost hyperhermitian, if M is 
equipped with a Riemannian metric (■, ■) and three almost complex structures 
I,J,K satisfying P = .P = -1 and K = IJ = -JI, and {AX, AY) = 
{X,Y), for all X,Y e T^M and yl = I,J,K. This is equivalent to saying 
that M has a reduction of its structure group to Sp{n). As it was pointed 
out in Section 2, each fibre TmM of the tangent bundle can be consider as 
complex vector space, denoted T„i_Mc, by defining ix = Ix. 

On TmMc, there is an Sp(n)-invariant complex symplectic form ccj/c = 
00 J + iujK and a quaternionic structure map defined hj y Jy. Tak- 
ing our identification of TM^ with T*Mc, x — > {■,x)c = Xc, into account 
(we recall (•, •)£ — (•, •) + iu!i{-, •)), it is obtained zujc — Jeic A e^c, where 
ei, . . . , e„, Jei, • • • , Jcn is a unitary basis for vectors. Therefore, 

= (-l)"^''+^^/^n! eic A . . . A e„c A Jeic A ... A Je„c. 

Hence, we can fix ^/ = ■0/+ + iV'/-, defined by (^—V)'^'<^+^)l'^n\ ^7 = rojc, as 
complex volume form. 
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By cyclically permuting the roles of /, J and K in the above consider- 
ations, we will obtain two more complex volume forms ^ j and ^ k- Thus, 
M is really equipped with three S[/(2n)-structures, i.e., the almost complex 
structures /, J and the complex volume forms ^j, and and the 
common metric (■,■). We could say that M has a special almost hyperhermi- 
tian structure. Furthermore, we also have 



Hence, we can compute dtpj^ and dipj^ from dooj and dooK- Likewise, making 
use of considerations contained in sections 2 and 3, Vcj/ can be computed 
from duji, dipi^ and dipi_. By a cyclic argument, the same happens for Vluj 
and Vujk- 

Theorem 4.1 In an almost hyperhermitian manifold, the covariant deriva- 
tives VuJi, Va;j and Vujk of the Kdhler forms and the covariant derivative 
VJl = 2 '^A=i,j,K A Vuja are determined by the exterior derivatives dcuj, 
dujj and dujx- 

In other words, duJi, dujj and duox contain all the information about the 
intrinsic torsion of an Sp(n) -structure and the intrinsic torsion, determined by 
VVL ( [14, 10]), of the underlying S'p(n)Sp(l)-structure. In relation with last 
Theorem, we recall Swann's result [14] that, for An > 12, all the information 
about the covariant derivative VJl is contained in the exterior derivative 
jj^u!a/\ duA- Furthermore, one of the consequences of previous 
Theorem is the Hitchin's result [9] that if the three Kahler forms a;/, ooj 
and lvk of an almost hyperhermitian manifold are all closed, then they are 
covariant constant. Almost hyperhermitian manifolds with covariant constant 
Kahler forms are called hyperkdhler manifolds. Such manifolds are Ricci-flat. 

If the two almost Hermitian structures determined by / and J are locally 
conformal Kahler (type VV4), then the one determined by K is also locally 
conformal Kahler [11]. Furthermore, in such a case, the three structures 
have common Lee form. We recall that the Lee form is defined by 9a — 
— l/{2n — l)Ad * loa, A — I,J,K [8]. Therefore, in such a situation we really 
have a locally conformal hyperkdhler manifold. Let us compute the intrinsic 
torsion of the St7(2n) ^-structures, ^4 = /, J, K. For ^4 = /, we get 



(_l)n(n+l)/2^^ - 1)! d^i = {dUj + idUK) A {uj + IuJk) 



n-1 



d^i = 



1 



(_l)n(n+l)/2(^_ 1)1 
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where 6 = 9j = 6j = 6^- Therefore, difj^j^ = n6 A ipj^ and, by Theorem 2.6, 
we obtain that the Ws-part of the torsion is determined by 

^^= 2n(2n-l) '^^"^^~^^- 

Proceeding in a similar way for J and K, we obtain f]i = f]j = f]K- Fur- 
thermore, note that the relevant one-form 2n{2n — 1)?]/ — Id*uJi, given by 
Proposition 2.12, vanishes. In summary, we have the following result. 

Theorem 4.2 For a locally conformal hyperkdhler manifold of dimension An 
and a non null Lee-form 9, the three SU{2n) -structures are of type W4 -t- W5. 
Moreover, the W^-part of each one of such structures is determined by the 
same one form rj — —l/2n 9. 

As consequences of this Theorem, we have some results relative to hyperkahler 
manifolds. 

Corollary 4.3 (i) // the three SU{2n) -structures of an almost hyperher- 
mitian 4n-manifold are of type W4, then the manifold is hyperkdhler. 

(ii) For hyperkdhler manifolds, the intrinsic torsion of each SU{2n) -structure 
vanishes. 

Remark 4-4 Special almost Hcrmitian manifolds with zero intrinsic torsion 
can be called SU{n)-Kdhler manifolds. The metric of such manifolds is Ricci 
flat. Thus, Corollary 4.3 is an alternative proof of the Ricci flatness of the 
hyperkahler metrics. 
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